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To start the unit, proceed as follows:

If your machine has a single drive, load disc 1, hold down the shift key
and press the break key.

If your machine has a double drive, load disc 1 into the upper drive
and disc 2 into the lower. Then hold down the shift key and press the
break key.

At various points, when you press the space bar, a card number will
appear at the bottom of the screen. When this occurs, read the card
indicated and then press the space bar again. The micro will wait until
you make the second press in order to give you time to read the card.

At certain points, a loop is incorporated so that you can repeat a
sequence, but with different data. In such cases, you will find that you
may get the message to read a particular card more than once — every
time you go round the loop, in fact. When this happens, read the card
the first time but after that ignore the instruction — unless, of course,
you want to read it again.

Sometimes a section of a unit may be complete in itself, and so does
not require any additional information in card form. In such a section,
no card numbers will appear.



The basic equations for projectiles with no resistance are the equations
of motion for a particle moving with constant acceleration, and we
assume that you are familiar with these. They are

v =u + at
s = ut + leat?
v2 = u? + 2as

When using these equations for projectiles, we consider the horizontal
and vertical motions separately. Horizontally there is no force acting and
s0 the horizontal component of the velocity remains constant and the
horizontal distance travelled is simply this velocity component multiplied
by the time that motion is taking place. In the picture you have just
seen, this velocity was 60ms ' and so, after t secs, x = 60t, x being the
horizontal distance travelled. For the same situation, ie the initial
velocity completely horizontal, what will be the expressions for y and y
at time t, y being the vertical distance travelled upwards? When you
have decided, turn to card 2 to check your answer.
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y = —gt
y = — gt

Here the acceleration is g downwards and there is no initial vertical
component of velocity. In the current situation y = 300 when the
projectile lands. Taking g = 9.81ms 2 (this value will be used
throughout this unit) find the time taken for the projectile to land and
the horizontal distance travelled. Your second result should agree with
the value of R shown on the screen. Then PSB,
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Calculate the time taken for the projectile to fall freely for the height you
have chosen. PSB.
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You will now be invited to choose a horizontal velocity in the range
10 to 30ms-1. What will be the horizontal distance travelled for the value
you intend to choose. PSB and so verify your answer.
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You should have noticed that the time taken for the projectile to land
depends only on the vertical distance it has to fall, not on the horizontal
velocity of projection. The micro will now ask you if you wish to
consider energy in relation to the type of motion we have been
studying. If your answer is ‘No’ do not read any more of this card, just
type N. If your answer is 'Yes’, finish reading this card before you
actually type Y.

There are two forms of energy relevant to our work on projectiles —
kinetic and potential. For a particle of mass m moving with speed v, the
former is given by ¥%amv2. If the particle is at a height h above a datum
level, the latter is given by mgh. When you type Y, the micro will repeat
the last motion you have just seen and state the values of the two forms
of energy at successive time intervals. Notice that the sum of the two
forms remains constant throughout the motion.
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As has been indicated on the screen, we now go on to consider what
happens when a particle is projected from ground level at an angle to
the horizontal. If the initial speed is u at an angle « to the horizontal,
then the initial horizontal and vertical velocity components are u cos a
and u sin a. What will be the expressions for x, y, x and y at any
subsequent time t? Turn to card 7 to check your answers.
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X =

X =

u cos a

ut cos o

y
y

usina —gt

utsin e — Yagt2

PSB and make a note of the initial angle you choose and one of your
initial velocities.
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Use the equations on card 7 to find general results for the time of flight,
range, maximum height reached and the time to reach this greatest
height. Then calculate these items for the values you have noted. Check
your general results from card 9 and your particular values on the micro.
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2usina

Time of flight =

2ulsinacosa  ulsin2a

9 g

Range =

usine
g
uzsin 2a uzsin 2a
1
g
g g2
u?Zsin 2a
29

You will notice that all these values depend on u and a. What, for a
given value of u, will be the value of « that gives maximum range and
what will be this maximum range? Turn to card 10 to check.

Time to maximum height =

Maximum height
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2sin 2a . . . . n
: is @ maximum when sin 2a = 1, iewhen a = —.

g 4

Then maximum range = u?/g.
PSB.
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Now let us see how the results just illustrated can be worked out
theoretically. The first thing that we require is the equation of the path
of the projectile. Working with a general initial speed of u (rather than
100), the equation of the path can be found by eliminating t between
the equations

X = utcos a

and y = utsina — %gt?

Carry out this elimination and see what you get. Then turn to card 12
to check your answer.
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2 i .
y = xtan a 9% sec2 a, and this is the equation of a parabola. By
2uz
writing secza = 1 + tan2a, we have a quadratic in tan a. Solve this
quadratic for tan o and then turn to card 13.
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tana = {UZI-JU“ ~ glgxz + 2uzy)}/gx
There will thus be:
Two values of a if u* — glgx2 + 2uzy) >0
Ore value of aifut — glgxz + 2uzy) = 0
No value of «if us — gigx? + 2uzy) <0

When there is only one value of a, the point (x, y) lies on the parabola of
safety, which thus has the equation

ut — glgx? + 2uzy} =0

We can now tie in these results with those obtained in card 10.
Taking the case where there is just one value of a and puttingy = 0in
the equation of the parabola of safety gives

us+ — gZx? = 0
iex = u?/g

which is the maximum range. Thentana = 1and so a =~
4

Next, looking at the case where there are two values of a, say a, and

a, you can easily verify that, ify = 0, tan a;, = _1‘__
ﬂ . tan a,’
Therefore a;, = — or e, — = — - a,. Thus, if we wish to hit a given
2 4 4
point within the parabola of safety for whichy = 0, there are two
angles of projection, equally inclined to 45°.

m

Now PSB and answer "Yes' when asked if you wart random targets.
Then, for each, use your knowledge to predict whether or not you can
hit the target and to calculate the angles of projection.
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Using the formula for tan a on card 13, verify the angles quoted on the
screen. Note that these are only integer values, so if the calculated
values give the range 11.07 to 18.79, the screen will show 12 to 18.
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Answer Y when you are asked if you want another example and, when
it appears, calculate the range of values of @ which will give you
success. Then check your values using the micro.
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When you PSB, you will be asked if you wish to play cricket or tennis.

Have a game of tennis first and then cricket later on.

C
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When you PSB, you will be asked if you want to input fresh data. PSB,
answer Y and PSB again. Then continue reading this card in conjunction
with the diagram that will appear.

In a situation like this take the origin at the point from which the ball
is hit, ie measure y from a distance H above ground level. Now assume
that we decide on specific values for Band d, say B = 24, d = 13.
Then effectively we have to choose u and « so that two conditions are
satisfied. Can you say what these two conditions are? When you have
decided, turn to the next card to check.
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The conditions are:
(i) Whenx =13, y>h — H
(i) Whenx =24, y< — Horwheny = — H, x<24,

If you think for a moment you will realise that the alternatives in {ii) are
really equivalent.

Now here we have H fixed at 1.5 and h at 1.0, hence the two conditions
become:

(i) Whenx =13, y> — 0.5.
(i) Whenx =24, y< - 15.
There are various ways in which we can now proceed:
(a) Fix a and find a suitable u.
(b} Fix u and find a suitable a.

{c) Vary both u and « and find a suitable combination. In order to give
some concrete working, suppose we decide to fix a at 18°. Have a
go at working out u so as to clear the net. Turn to card 19 to check
your working.
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X2
Usingy = xtana — 2—2 sec? o, withx = 13and o = 18°,
u

9.81 x 132
13 tan 18° - —--——-——-—-2 P sec? 18°
Lt

-
I

916.46
u?

4.224

]

Butwe needy > —0.5
916.46
u2
916.46

ie 4.224 —

>-05

<4.724

ie u>13.93

Also, when x = 24, y < — 1.5. Work out u so that this condition is
satisfied. (You will probably find this easier than working out u such

thatwheny = — 1.5, x <24.) Then turn to card 20 to check.
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We require

9.81 x 242
24 tan 18° — o sect18°< - 1.5
2

3123.6

u?

ie >9.298

Hence, for both conditions to be satisfied, we require
13.93<u<18.34

Now check these values on the micro, and then play some more tennis
if you wish. Then have a go at cricket, first being a batsman.
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We are not going to go all through the numerical working in this case as
itis very similar to that for tennis. But what will be the conditions here
corresponding to those in card 18 for tennis? Turn to card 22 to check.
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(i} Whenx=d,y>h —H

(i) Whenx = B,y> — Hory = — Hwhen x> B.

When you have finished batting, try your hand at bowling.
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What conditions will have to be satisfied here for the wicket keeper to
catch the hall? Assume that he can place his hands at any height up to
h. Turn to the next card to check.
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Whenx =d, — H<y<h — H.

(
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Calculate the time of flight and range for the angle of projection you are
going to choose next. Verify that you agree with the micro. PSB.
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Projectile 4.1 Card 25 psb J




By using the formula in card 13 for tan a, check the results quoted on

the screen. Then PSB.

(
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You will notice that the x and y axes are shown on the screen as being
along and perpendicular to the slope. When dealing with inclined planes
we work with reference to these directions instead of horizontally and
vertically.

What will be the components of acceleration in these two directions?
When you have decided, turn to card 28 to check.
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—gsinp A and — gcos K.

What will these values give for x, y, x and y in terms of t for a speed of
projection u at an angle a to the plane? Turn to card 29 to check your
results.
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X = ucosa— gtsinf y = usinae - gtcosf

x = utcos a— Yagtzsinfl y = utsina — Y%gtzcosf3

How will you use these equations to calculate the three quantities shown at
the bottom of the screen? Turn to card 30 to check your answers,
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The time of flight is obtained by puttingy = 0. Then

2usina

t =
gcosp

The formula for x then gives

_ 2’sinacosa  2u’sinzasinP
gcosfi g cos’fs
2u?sin a cos (o + )
gcos?f3
] . usina
The maximum value of y occurs wheny = 0. Thent =
gcosf}

u? sin Za u? sin a

andy = -
Y gcosfi  2gcosf

u? sin 2o

2gcos f3

Use these equations to check that the micro has got its arithmetic
correct. Then PSB.
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What differences will occur in the results obtained in cards 28-30 (for
motion up an inclined plane) for the case that we now have? When you
have worked these out, turn to card 32 to check.
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;

= gsinf
X = ucosa + gtsinf
X = utcosa + Y2gt’sinfi

v, y and y remain unchanged.
Time of flight and maximum y remain unchanged.

2u?sin a cos (o — f3)

Value of xwheny = Ois
gcos’f
You will notice that all of these results can be obtained by replacing 8
by — B in the corresponding results for motion up the plane. When you
PSB you will be invited to select a set of values. When you have done
so, calculate the time of flight, and maximum x and y for the values you
have chosen. PSB.

Projectile
Projact 52 | Card32 | psb )




Can you decide what angle will give a maximum range for the data you
have entered? Try to obtain this analytically now, and then check your
result by PSB. If you have forgotten what data you entered, press
ESCAPE and start again, making a note of it as you go along.

(
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Do you agree with the result? If so, PSB. If not, go through the
following:

Projection up plane:
. . 2u?sin a cos (o + fi)
X is a maximum when —- ~———————I5 a maximum
gcos?fi
For given u and 3, this is a maximum when
sinacos (a + f3)

is a maximum. What value of a will ensure this? Find it and then check
your result by turning to card 35.
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Differentiating with respect to a, we require
cosacosla + B} —sinasinta + ) =0

sin asinfa + p)

ie cos e cos [a + fB)

ie cota = tan{a + f3)
) n
ie tania + ff) = tan i a]
+p T
e a =" —
2
: n p
ie a = — ——
4 2
Similar working for projection down the plane gives the result
n ; B
@ = — f -
4 2

PSB
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If you have already studied impact, you should be able to find u, and a,
given u,, a, and e. If you have, find them and check your results by
turning to card 37. If you haven’t turn to card 37 and read through what
is given there. You should find it easy to follow.
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The projectile first hits the ground with velocity components u, cos a; =~
andu;sina, ¥.

During impact, no force acts — on the projectile and so its speed —, ie
u, COs a,, remains unaltered.

By Newton's experimental law, its speed | , ie u, sin o, is changed in
direction and multiplied by e. It thus becomes eu, sin a, 4 .

.‘/Hh cos a;)? + (eu, sin a,)?
u,/ cos’a, + e’sina,

eu, sin a,

Hence u,

and tan a,
u, Cos a,

e tan @y

Now PSB and calculate u,, «,, and u,, o, for the values you select to
enter on the keyboard.
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There is no basic difference between what is happening now and the
previous case. Now, on impact, the velocity component % or { will be
unchanged, while the component = will be reversed and multiplied by
e. For the values you have chosen, calculate where the projectile will hit
the ground. Check your result against the micro. If you are in
difficulties, a typical calculation is given in card 39.

Projectil
Projectile | g3 | Card38 )




Takingu = 100ms-t, o = 45°,e = 0.5;
Time to wall = E-g%-j—_z = 7.3bs

Thenvel - = 70.71, vel t = —1.43

andy =_\%t — Ygtz = 254.74
After rebound, vel < = 35.36, vel + = —1.43.
Additional time required is given by

—254.74 = — 143t — %2 x 9.8112

ie 4,905t + 1.43t — 254.54 = 0

giving t = 7.062s
Distance travelled < = 249.72m

Sox = 520 - 249.72 = 270.28m

Projectile
Motion 6.2 Card 39 psb J




Once again there is no basic difference between this case and the
previous ones. On each impact, the velocity parallel to the plane is
unaltered and that perpendicular to the plane is reversed and multiplied
by e. (There are no cards for you to read when you come to Part 7 —
resisted motion. In this part we are simply illustrating what happens
without dealing with the mathematical theory.)
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